A mathematical model is developed by fitting the discharge curve of a new LiFePO 4 battery and then used to investigate the relationship between the discharge time and the closed-circuit voltage. This model consists of exponential and polynomial terms where the exponential term dominates the discharge time of a battery and the polynomial term dominates the change in the closed-circuit voltage. Time shift and time scale processes modify the exponential and polynomial terms,
Introduction
LiFePO 4 batteries are widely used as energy sources for a variety of devices, including electronic products, electric vehicles and smart grids [1, 2] . A number of battery models intended to capture the characteristics of batteries have been developed, such as the electrochemical model [3, 4] , the analytical model [3, 5, 6, 7, 8] , the stochastic model [9, 10] , and the electrical circuit model [5, 6, 11, 12, 13] . In this article, the electrical circuit model is used to describe the discharge behaviors of LiFePO 4 batteries as it is readily simulated and implemented [12, 13, 14] .
A mathematical model based on the electrical circuit model is developed by fitting the closed-circuit voltage (ccv) versus the discharge time curve of a new battery. The developed model consists of exponential and polynomial terms. The model is not suitable for different types of used and aged batteries, so the parameters in the model need to be modified to cater for batteries under various conditions. To transform the model so that it is suitable C370 for all batteries independent of the conditions, without rederiving these parameters, time shift and time scale processes are applied to the exponential and polynomial terms, respectively. It is much easier to distinguish batteries under various conditions using the time shift and time scale values, compared to rederiving all parameters of the model for each battery condition. The fitting results compared with the experimental data are illustrated.
Electrical circuit and mathematical models
An electrical circuit composed of a nonlinear open-circuit voltage source, a series resistor and one resistor-capacitor (rc) network, shown in Figure 1 , is used to characterize the discharge behaviors of LiFePO 4 batteries [15] . The nonlinear open-circuit voltage source has a capacitor and a self-discharge resistor, as shown in the dashed line rectangle.
When a battery is connected to a load, as shown in Figure 1(b) , there is an instantaneous drop in voltage caused by the current flowing through the equivalent series resistance, which is also the primary component of the battery's internal resistance. Therefore, the ccv is the difference between the open circuit voltage (ocv) and the voltage across the equivalent series resistor.
An rc network is composed of a resistor and a capacitor in parallel, and is used to investigate the transient responses when the battery is switched between the loading state (the closed circuit) and idle state (the open circuit). Multiple rc networks can be used, which closely captures the transient behavior but makes the calculation more complicated [15] .
When the battery is connected to the load, the capacitor in the rc network begins charging and the voltage across the resistor in the rc network increases. Therefore, the ccv decreases. When the battery is disconnected from the load, there is no longer any current and the voltage is zero across the series resistor, R series . The capacitor in the rc network is discharged by the parallel C371 Figure 1 : The electrical circuit model for a LiFePO 4 battery, which is a modification of the circuit of Schweighofer et al. [15] , for an (a) open circuit and (b) closed circuit.
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resistor and the voltage across the rc network decreases. Therefore, the measured voltage gradually recovers from a ccv state to an ocv state.
The equivalent series resistance, the combination of all resistance in the model shown in Figure 1 , is
From the electrical circuit model and experimental data, ocv, ccv and R total are nonlinear functions of the discharge time, as shown in Figures 2. These curves are approximately the combination of an exponential term and a polynomial representing the equivalent capacitance and the equivalent resistance, respectively [15] , so
where a, b, c, d, e, f and g are parameters obtained by the fitting.
The LiFePO 4 batteries tested are classified into three types.
• New battery: a battery that has not been used and has not been stored for a year.
• Used battery: 300-cycle and 1000-cycle batteries that have been charged and discharged about 300 and 1000 times, respectively.
• Aged battery: one-year, three-year, and five-year batteries that have been stored without being charged or discharged for one, three and five years, respectively.
At the beginning of the experiment, each battery was charged using a dc power generator based on a constant-current (cc) constant-voltage (cv) method. The charging current and voltage were set to 10 A and 3.65 V, respectively. After the charging process, the battery was left idle for 24 hours to ensure that the initial voltage was in a steady state. The batteries were then discharged with a discharge current of 10 A through a dc electronic load. The data was recorded and collected via a computer using the Labview software. 
Results and discussion
Using the discharge curve of a new battery generated during the experiment, the Labview program fits the curve. The parameters of equation (2) obtained from the fitting process are a = −1. Figure 3 . However, without any adjustments these parameters are not suitable for used and aged batteries. Figure 4 shows all the parameters from equation (2) obtained from the fitting processes for new, 300-cycle, 1000-cycle, one-year, three-year, and five-year batteries. The differences between most parameters are too small to distinguish the different batteries, and only c, the order of the exponential term, requires significant adjustment. Therefore, to develop a mathematical model that is suitable for a range of batteries, rather that fitting all the discharge curves for the tested batteries, the above values are used for all tested batteries and then the exponential term and the polynomial terms in equation (2) are independently modified.
The dashed line in Figure 5(a) is the exponential function in equation (2) . The exponential function dominates the discharge time (lifetime) of the batteries under various conditions. Therefore, the time shift property is used in shortening the lifetime of a battery, as shown by the solid line in Figure 5(a) . Consequently, the modified exponential part of equation (2) is
where ∆t is a time shift.
The dashed line in Figure 5 (b) is the polynomial function in equation (2) . The polynomial function mainly dominates the change in the ccv. This means that the decay rate of the ccv at the sharp change region of the discharge curve is estimated by modifying the polynomial function. This estimation is very important because when the voltage starts to drop rapidly, the remaining lifetime is very short, which has safety implication. The time scale process is used to enchance the change in ccv at the sharp change region of the discharge curve, as shown by the solid line in Figure 5 (b). The modified equation for the polynomial part of equation (2) is
where r is a time scale.
The modified equation for new, used and aged batteries is a combination of equations (3) and (4): Figure 6 shows that the fitted curve (pink solid line) for a one-year battery closely matches the experimental data curve (dashed line) after applying a time shift of ∆t = 355 s and a time scale of r = 1.02 . Figure 6 also shows the fitted curve (blue solid line) and the experimental data curve (dotted line) for a three-year battery. The two lines closely match after applying a time shift of ∆t = 1200 s and a time scale of r = 1.15 . However, the fitted curve (blue solid line) does not closely match the sharp change in gradient of the experimental data curve (dash-dotted line) for a five-year battery after applying a time shift of ∆t = 1250 s and a time scale of r = 1.2 . In addition, the lifetime does not match. Although the time shift could be increased to about 1290 s to exactly match the discharge time, this will enlarge the mismatch at the change of gradient. As mentioned above, the fitting at the gradient change is much more significant than the lifetime, and the mismatch for the lifetime is only 40 s, so the fitting is still acceptable. Figure 7 shows fitted curves (colored solid lines) and experimental data curves (black dotted and dashed lines) for 300-cycle and 1000-cycle batteries. Both colored lines closely match the black lines after applying a time shift of ∆t = 450 s and ∆t = 770 s, and a time scale of r = 1.05 and r = 1.16 for 300-cycle and 1000-cycle batteries, respectively, indicating that this method is also suitable for analyzing the discharge behavior of used batteries. Table 1 lists the fitting results for the time shift and time scale values for all tested batteries. The lifetime of a battery reduces as the time shift value increases. Furthermore, when the battery is stored for more than three years, the lifetime barely changes, being only a little shorter than that of the three-year battery.
As the time scale increases, the voltage drop of the ccv also increases, and the worse the quality of the battery. This phenomenon is observed from the results for 1000-cycle and five-year batteries shown in Table 1 . Therefore, it is very easy to characterize and distinguish batteries under various conditions using the proposed method, compared with performing an analysis of all parameters of the batteries.
The percentage difference between the experimental and the fitted data during the discharge time is
where ccv real is experimental data and ccv fit is the fitting data and N is the total number of data records over the discharge time. The sum is over the whole discharge time.
The average and maximum percentage differences of ccv are listed in Table 2 .
As the parameters are determined relative to those of a new battery, the average and the maximum differences of the new battery are the lowest. The fitted data for other batteries, obtained using the same parameters, but with C380 different time shifts and time scales, have larger differences than those of the new battery. The highest average difference is 0.58%. The maximum difference usually occurs near the gradient change of the discharge curve, as is the case for the five-year battery. The highest difference is about 2.9%, which means that the modified fitting method performs very well and is a very feasible approach.
Conclusions
A mathematical model was developed to investigate variations in the ccv during the discharge process for new, used and aged batteries by applying a time shift to the exponential term and a time scale to the polynomial terms. This model is used to satisfactorily capture the discharge behaviors of most tested batteries with an average error of less than 0.6%. In addition, this method can also be used to distinguish batteries under various conditions without the need to perform complicated calculations.
